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Abstract
By the Drazin inverse of given matrix, we mean a matrix that exists
for a square singular matrix that has some of the properties of the
multiplicative inverse of matrices and that agrees with it when given
matrix is non-singular, that means the index of a given matrix equals
zero. Study the linear algebraic systems is one of the important study
fields of linear algebra. We consider the singular linear algebraic
systems on the form Ax = b, where A € C™*" is singular, and x, b

are vectors in C". We study solving these systems using the Drazin
inverse of the matrix. For that, we give the general solution, the
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generalized least squares solution and the unique minimal least
squares solution for a given system. The results are taken from the
mentioned references. We give some examples to illustrate our
study.

Keywords: Singular linear system, the Drazin inverse, minimal
least squares solution.

1. Introduction

The singular linear algebraic system started to attract attention
of researches at the end 0f1970s. Many results of classical linear
system generalized to the singular linear system.

The singular linear system of equations

Ax = b; A e C™, x,b eC" (D
has been exploited in several contexts. It is consistent (i.e., has
solution for x) if and only if b is in the range of A. If b is not in the
range of A then b — Ax is nonzero for all x € C" [1,2].

The purpose of this paper is to study the singular linear
algebraic system (1) when b belonges to the range of A¥, and
when b does not belongs to the range of A*. For that study, we use
the Drazin inverse of a singular square matrix to find the solutions
of the system (1). We give the general solution and the unique
minimal least squares solation for (1) [3-6]. We give examples to
illustrate our study.

Throughout this paper, C" is an n-dimension complex vector
space, C™*™ denotes the complex space of n X n-matrices (square
matrices), A~ 'denotes the multiplicative inverse of the
matrix A, R(A) denotes the range of A and X(A) denotes the null
space of A and Tr(A) denotes the trace of A which is the summation
of diagonal elements of A.

2. Preliminaries

In this section, we give important concepts about the Drazin
inverse of a square matrix. For more details, see [1,7].
Definition 1. Let A € C™ ™", and B is in the reduced graded row
form and row equivalent to A, then the number of non-zero rows
of B is the rank of A, and denoted by rank (4).
Definition 2. Let A € C™™, then the smallest non-negative
integerk such that rank (4%) = rank (4%*1) is called the index of
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A and denoted by Ind(A). Note that Ind(0) = 1, where 0 is the
zero matrix, and if Ind(4) = 0then 4 is invertible, that is, A? =
AL,

Definition 3. Let A € C™*"™ with Ind(A) = k, then the Drazin
inverse of A is defined to be the unique matrix A?such that

i. APAAP =AP.
i. APA=AAP, and
ii.  AkY1AD = Ak,

Definition 4. [1] A matrix H € C™*™ is said to be in hermite echelon
form if its elements h;; satisfy the following conditions.

I. H is upper triangular (i.e. h;;= 0 where i >j) .

ii. h;; is either O or 1.

ii. If h;=0,thenh; =0foreveryl,1<[<n.

iv. If hii: 1, then hli: Oforl+#1i.

Definition 5. The least squares solution with the minimum norm of
the system (1) is the vector x° € C" satisfying
Ix°1l = minyecn{llull: |Au — bl| = minyecnllAx — bl|}.
Definition 6. The W—norm is defined as
Ixlly = W~ x|l ,vx € C"*
where W is a non-singular matrix that transforms A into its Jordan
canonical form, and ||. ||, denotes the Euclidean norm. Thus, the
minimal W-norm least squares solution is
IW = x|l = minyecn {llull: |Au — bl = minyecnllAx — bl|}.
Algorithm 1. [1,7] (Computation ofAP where A € C"**"and
Ind(A) = k)
i. Letp beaninteger such that p > k. (p can always be taken
to equal to n if no smaller value can be determined). If AP =
0, then AP = 0. Thus we assume A? # 0.
ii. Row reduce AP to its Hermite echelon form H,». The
sequence of reducing matrices need not be saved.
iii. By noting the position of the non-zero diagonal elements in
Hyp, select the distinguished columns from AP and call
them vy,v,,..., V.
iv.  Form the matrix I — Hyp and save its non-zero columns.
Call them v, 1,V 42,...,0y.
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V.  construct the non-singular matrix P =

V1l [Vr [V 1] o (0]
vi.  Compute P71

vii.  From the product P~1AP. This matrix will be in the form
PlAp = g 1(\)]] where C is non-singular and N is
nilpotent.

viii.  Compute C~1.

ix. Compute AP by forming the product

p_p(C Y 0)p-1
A =p( . O)P .
The Drazin inverse of a matrix can be represented by the
Jordan canonical form as in the following theorem.
Theorem 1. [1] If A € C™™ is such that Ind(A)=k > 0, then there

exists a nonsingular matrix P such that A = P (g 1(\),) p1

where C is non-singular, and N is nilpotent of index k. furthermore,
if P, C and N are any matrices satisfying the above conditions, then

AP = p (C(;l 0)P

3. Solutions of Singular Linear Algebraic Systems

There are many methods to solve the singular linear algebraic
system (1). Among these methods are using Grammar’s rule [4],
Krylov subspace methods [3]. Recently, we collect some results that
suggested in some references [3-6], when index of A is greater than
one. We give the solutions of the system (1) for some cases.
3.1 The General Solution

In this subsection, we discuss using the Drazin inverse to
solve the singular linear system on the form (1) in the case b €
R(A*) and index of A is arbitrary. In the case b € R(A*) and index
of A is arbitrary then the general solution of the system (1) is

x=APb+Wz; W =1I-AA° (2)

where z € R(A*1) + R(A), Wis called the projection, AAPis called
the Drazin inverse solution, Ifz ¢ R(A*"1) + X(4), then the
vector APbh + Wz is not a solution of the system (1). We give
example to illustrate the solution when b € R(A4¥). Note that
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R(AF) @ R(4F) = ™.
if and only if Ind(A)=k.
Example 1. Let the following singular system
2x, +4x, + 6x3 +5x, =8
X1+ 4xy +5x3 +4x, =7

—Xx, — 6x3 = =3
—Xq1 — 2x5, — 3x3 — 3x4 = —3.
Note that
2 4 5 6 8
a=( 0 A 5t | mdy=2b= _73 € R(42)
-1 -2 -3 -3 -3
and
3 -1 2 2 5
p_ |2 1 3 3 pn | —1 D
A= 0 2 Zp)Ah=| ) 1-44
-1 0 -1 -1 -2

-2 -2 -6 —6
-2 -2 -5 =5
1 1 3 2 f

1 1 2 3
Hence, the general solution of the given system is given by

X1 5 -2 =2 -6 -6
x| [ -1 —2 -2 -5 _5
Xl [Tl 2Tl 1 3 2%

X4 -2 1 1 2 3

z € R (A1) + R(4).

3.2 Generalized Least Squares Solution
In the system (1), if index of A is arbitrary, and b & R( A%)

then
x=APh +Wz; W =1— AAP (3)

Where z € R(A*1) + R(A) is a generalized least squares solution
in z € R (4%) + R(A) to the system (1) with respect to ||x||,,. But
x = APb + (I — AAP)zis not a solution of the system (1) even
if b € R(A) \ R(A*). Note that, the vector (3) is a generalized least
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squares solution in R(4*) + R(4) of the system (1) with respect to
the norm|| x|l .
3.3 The Minimal W-norm Solution

In subsection (3.2), we showed that

x=APb+Wz; W =1-AAP
is the generalized least squares solution of the system (1) in the
case b ¢ R(A¥), where APb is the Drazin inverse solution of the
system (1). But when
14°Dllw < llxlly

where x is given above, then APb is called the minimal W-norm
least squares solution of the system(1). Note that, AP bis not a
solution of system (1), but it is the unique minimal W-norm least
squares solution [4]. In the fact APb is a solution of system (1) if
and only if b € R(4*) and it is the unique solution in R(4¥) as
showed Campbell [1].

Conclusion

Our study showed the importance of using the Drazin inverse
of the matrices to solve the singular linear algebraic system when
b € R(A¥) and b ¢ R(A¥). In other words, we study that system to
get the general solution, the generalized least squares solution and
the minimal W-norm least squares solution.
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